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COTERMINAL FAMILIES AND THE STRONG MARKOV PROPERTY
BY

A. O. PITTENGER AND C. T. SHIH(])

ABSTRACT. Let Ep be a compact metric space and assume that a strong
Markov process X is defined on Ep. Under the assumption that X has right
continuous paths with left limits, it is shown that a version of the strong
Markov property extends to coterminal families, a class of random times which
can be visualized as last exit times before ¢ from a fixed subset of Ep. Since
the random times are not Markov times, the conditioning o-field and the new con-
ditional probabilities must be defined. If X is also assumed to be nearly quasi-
left continuous, i.e. branching points are permitted, two different conditionings
are possible—one on the “‘past’’ of the random time and one on the “‘past plus
present’’ —and two different conditional probabilities must be defined.

1. Introduction. The purpose of this paper is to prove a version of the
strong Markov property for a class of random times resembling last exit times
from sets before constant times ¢t > 0. To motivate the problem assume that
@, X,, 0, ¥, ?t, P*) is a strong Markov process with initial distribution p and
that T is a stopping time. Then on {T <t} the strong Markov property can be
written as

X
K T K
1.1) PHX,eAlF ) =P T(X_r €A as. PY

where 3:7. is the usual o-field of information up through T.(2) We are interested
in finding an analogue of (1.1) with T replaced by random times such as L, the
last exit before (¢ + 0) from a given set, and 3.T replaced by an appropriate
o-field. Since the conditioning now involves the future of the process, the dis-
tributions on the right of (1.1) must be altered, but we would hope that the depen-

dence on only X , (or XL, ) and ¢ — L' could be maintained.
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2 A. O. PITTENGER AND C. T. SHIH

Let us give two examples of the type of problem we have in mind. First
suppose the given Markov process is reflecting Brownian motion on [0, ),
p(dx) = ¢(dx), T is the first hit of 10} and L' the last hit of {0} prior to &. Then
a straightforward computation shows that a.s. on {L! <t}

.2 EOlf(X )| o(LN] = f T oL LY dyf(y),

where O(s, dy) = (y exp(~ y?/2s)/s)dy. Moreover, if H, (x, [) = EX[f(X); T > ],

then

(1.3) [s7%0Gs, aH (x, ) = Jls+07% 00 + 1, a1y,

ie. {s™% 0, dy), 0 <s <} is an entrance law relative to H,.
For a somewhat less familiar example let P(z) = (p i].(t))) be a transition

matrix on a countable state space E and let E denote the IPoob-Ray compactifi-
cation of E [4). Then there is a strong Markov process on E which has P(¢) for
its transition matrix and which is ‘‘nearly quasi-left continuous’’ as defined in
§2 below. Choose B to be any finite subset of E with b € B. Define L' to be
the last hit of B before (¢ + 0), and let F(2) = ((/i’. (#))) with /ii(t) =

Pi(Xl =j, Tg >1t). Then it can be shown [8] that there exists a family of entrance
laws {7lc, t, j); ¢ € B, 0 <t < o} relative to F(¢) such that for 0 <s <t¢

n(c,t-s.j)/r](c,t—s)=P[Xt=]'|L'=s,X =c] a.s. P¥

L'~
where 7lc, t - s) = szE—B e, t — s, ).

The fact that there are analogous results for such disparate processes pro-
vides a strong motivation for attempting to prove similar results for general
strong Markov processes on general state spaces, and that is what is done in this
paper. To summarize more precisely, given a suitable family {L‘, > 0} of
random times, a so-called coterminal family, and an arbitrary initial distribution
i, there exist probability measures D(x, s, -) land Q(x, s, .)] independent of p

and such that D(XL" t-L% ) [or OX t— L% )] determines the distribu-
L

¢
tion of the process at ¢ in a manner analogous to (1.2). In addition for x in an
appropriate set G, (or GQ), D(x, ., -) [or O(x, -, -)] can be normalized to de-
fine entrance laws relative to an appropriate transition probability as in (1.3).
Moreover a past of L‘ can be defined and a version of the strong Markov property
obtained: the evolution of the process from L’ to t is independent of the past of
L', and depends only on X, ,(or X , ) and L' itself.

A basic motivation for some of our methods is the axiomatic approach to
coterminal times developed in.[7], and in §3 we borrow heavily from their work.
Those familiar with [7] will find that Theorems 6 and 8 below represent an ex-

tension of [7, Theorem 3] by establishing the conditional independence of the
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L-past and L-future and by giving an expression for the post-L process in terms
of X; or X, _. Although these results could have been obtained directly by the
methods of §§5 and 6, we prove them by using the relationship L = lim

The first part of this paper develops the necessary technical machmery In
§2 we discuss the assumptions on the process, particularly the property of nearly
quasi-left continuity. In §3 the concept of a coterminal family is developed and
its elementary properties derived. This treatment is patterned on [7], the main
difference being the emphasis on {L’, ¢ > 0} as opposed to a coterminal time L.
In §4 we combine the definitions from [3] and [7] to define a “‘past’’ and a *‘past
plus present’’ of an ordinary random variable. We do not pretend to a comprehen-
sive discussion such as is given in [3], but rather derive only those results
necessary for our purposes.

The bulk of the work of this paper is contained in §85 and 6 where the con-
ditional distributions D and Q", b continuous, are defined and their basic proba-
bilistic interpretation established.(3) We could emphasize here that the results of
$5 do not require any form of quasi-left continuity nor do any subsequent results
which involve D exclusively. The requirement of nearly quasi-left continuity is
vital only for the proof of the existence of Q”(X Lt Lt ).

In §7 we relate D and Q" by means of an mtermed1ary measure which de-
scribes the distribution of X Lt given the past. The fact that D and 0% can be
normalized to become entrance laws is established in §8, and it is shown that a.s.

on an appropriate set Qz both XL‘ and XL‘ are associated with such an

entrance law. This property is used in §9 to establish versions of the strong
Markov property at L. Moreover all of these results can be carried over to the
coterminal time L = limt_.wL‘, and this is verified in $10.

In order to obtain these results we have had to be quite careful about estab-
lishing the existence of Q”(x, s, -) and D(x, s, .). To prove that this is not a
vacuous difficulty we give in §11 an example of a process and a coterminal family
for which the conditional distributions D(x, s, .) and Qb(x, s, -) do not exist for
certain X.

2. Notation and definition of the process. Let (E,, p) be a compact metric
space, A a distinguished point in Ej, and let B denote the o-field of Borel sets
and B the universally measurable sets of Ea. C, &, and & will denote respec-
tively the spaces of real, continuous functions of bounded $ measurable functions
and of bounded $ measurable function on E,.

We shall consider a strong Markov process X = (£, Xz , 3"!, 3:, 0!, P*) on E,

such that the paths X are right continuous and have left limits and such that A
is an absorbing point: X(¢) = A implies X(s + ¢) = A for all s >0. In general our

(3)1In the motivation above, we were using Q = Ql.
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notation follows that of [1]: § is the intersection of all completions of the minimal
o-field F° = o(x ,» ¢ > 0) with respect to the measures P¥(.) = [u(dx)P*(.), p a
probability on (EA, p), and 3 is the completion of 3:0 U(X s<t) in ¥. Im-
plicit in the above is that for /\ € F°, and thus for A e ¥, P"(/\) is & measur-
able. We shall assume that the 3: are right continuous, i.e. 3: 3:‘,, =

N >z‘(f The operator 0 stands for the usual shift operator on the sample space
Q satisfying X (0 o) = X 4 (m) A stopping time T is relative to ?z’ i.e. a
function from Q to [0, o] thh {T<tle 3: for all ¢, and J’ denotes the o-field
of sets A in F with AN{T <t} e 3: for all t. In one of several equivalent
forms the strong Markov property then says that for any initial probability p and
stopping time T

490, |F 1= E T(@) as. P*

on {T < =} for any bounded F measurable function ¢.

In this paper we deviate somewhat from [1] by allowing the possible existence
of branching points, namely those x with P*(X, = x) <1, which by the Blumenthal
0-1 law is equivalent to P*(X, = x) = 0. We shall let v(x, dy) denote the mea-
sure P*(X, € dy) for branching points and also for ordinary (nonbranching) points
for which V(x,Ady) is then the unit mass at x. Note that v(x, B) is 8 measur-
able for B € $. It follows that the set of branching points E, is universally
measurable. (We shall also denote Ep - E, by E.)

Although we do not need it in this paper, it would not be unreasonable to
assume that E, is nearly Borel measurable; that is, for any p there exist Borel
sets B, and B, with B, CE, CB, and P‘“(Xl € B, - B, for some ) = 0. Since
the paths are right continuous, it is known (see [6]) that if B is nearly Borel then
for any p there exist increasing compact subsets F_of B such that the first
hitting times TFn = inf{t > 0: X, € F } decrease to T a.s. P*. From this and
the strong Markov property the above assumption implies that for almost all paths
E, is never visited. In this paper, however, we only need the fact that if R is
any random time, 1X£R) €E,,R< «} has P" measure zero for any p, and that
requires only E, € B since P[X(R) € E,,R< =] > 0 implies that, for some com-
pact subset F CE , P'“[TF < ] > 0, which is impossible by the strong Markov
property.

Theorem 1 and subsequent results based only on Theorem 1 hold for a strong
Markov process as defined above. However, we do need a type of quasi-left con-
tinuity for Theorem 2, and to emphasize the fact that this property is to be con-
sistent with the existence of branching points we shall call it nearly quasi-left
continuity, although the word ‘‘nearly’’ could be safely suppressed. Specifically,
if TﬂTT are stopping times then for any p and any [ € & a.s. PH
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(2.1) E“[/(XT) |V ¥, ] = fu(xT_, dy)f(y)
n n

on {Tn < T <, all n}. Equivalently if ¢ is a bounded F -measurable function,
a.s. P* on {Tn <T <o, all ni,

2.2) E#{ﬂep|v ?T]==fﬂxTﬁdﬁEﬂ¢%

In both equations \/n ch stands for the minimal o-field containing all of the cf,r
n n

Note that this implies a.s. P¥

X(T ) — X(T)

on {Tn <T <eo,all n; X(T-) € Er}, where E =E, - E,. Thus if E, = &, the
process X must be a Hunt process. (4) If the process is standard instead of
Hunt, there will be a slight and obvious modification in the statements of Theo-
rem 2 and the results based on it. (See the remark following the statement of
Theorem 2.)

We should point out that the assumption of nearly quasi-left continuity is not
particularly restrictive. In fact [10] shows that if X is a strong Markov process
on a “‘nice’’ state space and which satisfies a rather weak condition, then by
enlarging the state space X can be assumed to satisfy the above quasi-left con-
tinuity, where now X, _ need not be a point in the original state space (but will

then be a branching point). For additional comments on this topic see [6].

3. Coterminal families of random times. In this section we define precisely
the random times with which we will be concerned in the remainder of the paper.
Following Meyer, Smythe and Walsh [7] our approach is completely axiomatic, and
it may help if the reader interprets the definitions and results of this section in
terms of last exit times.

Ve assume given killing operators k: Q - Q satisfying X_© k, = X_ for
s <t and = A for s >1,(5) and observe that kS H(A) € ?0 for A € (f where
F° and 3'-0 are the minimal fields generated by the process. By an exact coter-
minal time we will mean an § measurable function L: Q - [0, o] satisfying the

axioms

(4) More precisely, X sarisfies all the properties of a Hunt process except that the
semigroup need not be Borel measurable. Future references to Hunt and standard pro-
cesses should be interpreted similarly.

(5) As with 6,, the assumption about the existence of k, on @ is a matter of con-
venience. Also, the reader may take @ to be the space of all right continuous functions

w:[0, o) — E, with left limits; in this case 9[ and kt are uniquely defined.
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(i) Lok is ffs measurable,
() Lof =(L-s)'=(L-s)VO,
(ii1) L o ks =L on {L <s},
(iv) Lo k <'s forall s, and
W L=lim Lok,
Now suppose that {L‘, t > 0} is defined by

t .
(3.1) L'=1im L Oku.

ult
Then it can be shown that {L!} has the properties

(1) Lt is ?t measurable,

(2) 0<L!o ktSL‘St,

(3) Lt=S o 6, = (L'~ )" for s <1,

(4) limulsL' o ku =L® for s<t, and

(5) if L* <s<t,then L' =L".

For example if L is the last exit from a set A before { = inf {u: X, = A}, then
L' will be the last exit from A before (¢t + 0).

Our primary concern here is not with L but rather with {L‘}, and we give as
the basic definition

Definition 3.1. A family {L’, t > 0} of ¥ measurable functions is a cotermi-
nal family if it satisfies (1) through (5).

In practice of course the axioms would hold with exceptional sets depending
on s and ¢, and the best we could hope for would be a set of full measure on
which (1) through (5) hold for all s and t. To avoid this technicality we simply
assume the axioms are valid on all of (). Note that whatever the set Q of defi-
nition, we must have £} CQ evenas 6,2 CQ for the shift operator.

In [7] the axioms for a coterminal time were used to define an associated
terminal time T, and then these concepts were applied to prove that the post-

L process is a strong Markov process. We will use the coterminal family to de-
fine T and to derive some of their results without reference to L. Since the

proofs are short, we include them here rather than referring to [7].

Lemma 3.1. A coterminal family {L', t> 0} has the following properties:
(a) L® _<_Lz for s <t.

(b) If 0=L*° <L! then L' >s.

() If r<s<tthen L"=L"0k <LSo0k_=L'cok_ <L

) L’Okr 5L‘°ks for r <s.

(e) L'w, = 0, where Xs(“’A) =A forall s>0.

: t
) hmllsL = LS,
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Proof. The first two assertions follow easily from the definition. The first
equality in (c) follows from

L"ok =lim(LSok ok =lim LSok
S € S

=L7
€10 T+ €lo T+€ i

while the last two relations follow from

. t IS s t
Ltoks=1€1{%L ok ok =LSok <LS<L

(d) then follows from (c), and (e) is a consequence of (2). Finally we need only
consider the case LS <s to prove right continuity. By (4), L!©° k_ 4p¢<s for small
€>0 and hence LS* = L% kgige <S or Ls*=L%. o

A key definition is that of the associated terminal time.

Definition 3.2. The terminal time associated with {L!} is T =inf{s: L' > 0}.

To see that T is in fact a terminal time and to list its basic properties we
have

Lemma 3.2. (a) T is a perfect, exact terminal time.

(b) T=o iff L'=10 forall t. If T<t, T<L.

(c) Let s <t. Then T °f_ok,=co iff Lt°klgs.

d) L'<t,T°0t>0.

(e) Let b<t. Then L'<b iff L <b and To 6, >t ~b.

(f) Let a <b <t Thena<L'<biff T°O, <b-aand T°6,>t-b.

Proof. (a) From (3)
(3.2) Tof,=—t+influ: L*> .
If T>t+¢ L¥=0 for u <t +¢ and by Lemma 3.1 (b)
influ: L¥ > t} = infiu: L* > 0};

i.e. T=t+T©°0, on {T >1}. Since
{T<t}= UL >0} 651, r rational,

r<t

T is a perfect terminal time. To prove the property of exactness, T =
lim'w(t +T ©°6,) onall of Q, it suffices to check the set {T = 0}, and that is
immediate from (3.2).

(b) The first sentence is by definition. For the second suppose 0 <L <1
Then L!<s implies LS >0, T <s and hence T <L

(c) Use equation (3.2) and Lemma 3.1 (c).

(d) If T© 6§, =0, then L° 6, >0 for all ¢>0. Hence L'** >¢ by (3), and
L* =t by right continuity.

(e) If L' <b, L® <b is immediate, and T © 9b >t —b follows from (3.2)
and right continuity. Conversely L! <b follows from ¢t ~b < T © 6, and the
strict inequality from (5):
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Lt=1lim L®* =Lt <y,
€—0

() Ifa<L'<h LEY 900 >0and T°0, <b-a while t-b<to° 6,
follows as in (e) by noting that L’ = L**€ for small ¢ > 0. Conversely T © 0, <
b -a implies L®*~4 o 6,>0, L%*€ >a and hence L!>a. From T © 6,>t-b,
L' <b follows as in (e). O

It is an easy matter to verify that if s < T, then T © k = o while if s > T,
Tok =T. In [7] it is shown that the correspondence between such terminal
times and exact coterminal times is one-to-one, and the correspondence carries

over to coterminal families using the facts that
(3.3) L= lim Lf

{—00
is an exact coterminal time and that L’ can be recovered from L via (3.1). Con-
sequently, a coterminal family is not merely an artifice, but rather is another way
of looking at a terminal time.

We will not pursue these ideas further but we will include the derivation of

{L*} from its associated T.
Lemma 3.3. Forall t >0 define

L!=lim supiv: To60 ok <ol
ult v u

Then L'=L"

Proof. Suppose ¢t <v <u<w and T° 6 ©k, <co. Then for some s> u,
L°%o k, >v by equation (3.2). But then, for s > max(w, s), L* © k> v, hence
T o Gv o kw < oo, and it follows that the limit in the definition of L* exists. Now
suppose that for some s L' <s. Then T °© 6, ©k, =oco for u close to ¢, hence
Lt=1L"* °k,<s and L' <L% On the other hand, if L* <s <L! To 6, 0k, <o

for all # >t and for some s <a Lu
s<L%ok <L%ok <L¥
u — u—
Since L*| L!, this contradicts L’ <s and proves the lemma. O

4. The past of a random time. The definition of the o-field representing the
past of L' is crucial in the proof of the strong Markov property. In this section
we give the appropriate definitions and derive a number of elementary results
which will be used in the sequel. Our approach follows closely that of Chung
and Doob [3], where a more complete discussion appears, but we also incorporate
a definition from [7] which is the natural generalization of the usual o-field
associated with a stopping time. In Lemma 4.3 we show when that field corre-
sponds to one defined in [3]. Again for the sake of completeness, proofs are in-
cluded.

Definition 4.1. Let R be a random time. By the past of R we will mean
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FRI=0, nit<RrRL 04
i.e. the o-field generated by sets A n{t <R} with A, € F,. Further, define
F*R)=olF, n{t<RL 0<
and
FR) = F(R-) VolXp).

By the past plus present we will mean

F(R) = the o-field generated by F(R-) and
S:S N {S = R} for all stopping times S.

Two o-fields containing a bit of the future of R are
FRy) = N FU(R +0-)
€>0

and
F(R(+) = {A €F: forall u>0 there existsa A € ffu
such that A N{R<ul=A_ niR <ull

Note that F(R(+)) reduces to F in the event that R is a stopping time.
Further, the o-field F*(R) is defined in 3] and F**(R) is a natural generaliza-
tion of F*(R). Neither of these fields plays a role in subsequent sections, but we
do include them in Lemma 4.1 (c) for completeness.

Definition 4.2. R will be called honest if R is F(R(+)) measurable.

Note then that L! is honest since for u <v

L' <ul NIL'<o}=1T°6 >ov-ul NIl <ol
We first collect some preliminary results about F(R =) and F(R).

Lemma 4.1. Let R, Sn and S be random times.

(@) If R<S then F(R-)CF(S-) iff R € F (=)

®) FR-)N{R =5} =F@-) n{rR =5k

(c) o(R) CF(R-) CF*R) C F**(R) C F(R).

@) IfS <S=limS_and S € F(§-), then V, F( -)=F(~).

Proof. Since Q@ N{t <Rle F(R-), o(R)CF(R-) and the necessity in (a)
follows. Conversely if R € Fs-)

F,aole<ri=%, nilr<si At <R} eF(s-).

Part (b) is immediate from the definition.

The first inclusion of (c) has already been shown while the second follows
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from the definition. For the third inclusion it suffices to show ?u Nnfu=R}C
F**(R) for all u, and this reduces to showing that oX ) Niu=R}C F*(R) for

v <u. If v=u this is certainly the case, while if v <u

G(Xv) N !u=Rf=~0(XU) Ni{v<R}nf{u=RICFR-.

For the last inclusion we need only show that o(X o) C F(R), and we do this by
examining O(XR) N {XR # Xp_sR< o} and a(XR) N {XR =Xp_,R< oo_}. Let

R . denote the nth jumping time of magnitude greater than or equal to 1/m. Then
Xg #Xg_  R<wl=U, ,IR=R < ool and

m,n m

olXg) niR=R__< mzc?R n{R=R_1C $(R).

mn
Since o(X )N iXp =Xp , R<ool=0Xp )NiXp=Xp_, R <o isalso in
F(R), the proof of (c) is complete. Finally, (d) is immediate from (a) and the defi-

nitions. O
In the proofs of Theorems 1 ard 2 below it is convenient to work with

F(5(+)), and we record without proof some elementary properties.

Lemma 4.2. (a) If R <S, then F(R(+)) C F(S(+)).

) If R <S} e FGS(+)), then FRE) NiR <S}C F(S(+)).
() If lim S =S <S5, then F(s() = A F(s ().

) If R € F(s-), then FR(+) n{R <S}C F(S-).

For honest random variables the o-fields with a bit of the future coincide:
Lemma 4.3. F(5+)=%(S(+)) iff S is bonest.

Proof. The necessity follows from Lemma 4.1 (c). Conversely, if S is honest
and t <u
A, nfe<sints<al=A nli<s<ulnis<ul =T nis<al

for some Fu € ‘3"“; ie. F(S-)CFGS)). Since S is also F((S + €)+) measurable,
F(S+ICFS + ) and FEHC A5 FUS +)(+) = F(SG)). The proof is
completed by noting that F($ ) CF(S + =) from Lemma 4.2(d). O
Combining Lemma 4.3 with Lemma 4.2(c) and (d), we have the useful result
Lemma 4.4. Suppose S € F(S-) and is bonest. Thenif T =15 _<S§ =

lim Sm, all n},

(v ff(sn(+))) AT =-Fs)nT.

We will also require some knowledge of the relations between the o-fields

associated with random times S and T when T is a stopping time.

Lemma 4.5. Suppose T is a stopping time. Then
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(@) FTH) niT <stcFs-).
®) FEE) NS < TICF(TE) nis < T
Note that (b) holds with {S < T} replaced by {S = T} or by {S < T}

Proof. For (a) it suffices to show {T <S} ¢ 3"(5-), and that is immediate.
For (b)let T =k - 27" on {(k — 10277 < T <k . 27"} so that F(T(+)) =
N FT (). I A e FSH) with Anis <ul=A nis<ul, A €T,
assume A, C A for dyadic rationals u <v. Letting ¢, =k - 27" define ', =
U,e A‘k NIT =1} sothat ' € ?(Tn(+)), Anis<T }=T_ nis<T_} and
I, OT . Hence I' =lim T isin F(T(+)), and

we may

Fois<Ti=lim [ nis<T Inis<Ti
n

=lim A N{S<T IniS<TI=AN{S<T O
n
The following result is not used in this paper but should prove useful in

applications of our results.
Corollary. Suppose R <S. Then F(R)C F(5) iff R € F(s).

Proof. The necessity of R € F(S) follows from Lemma 4.1 and for sufficiency
we prove only that F(T(+)) N {T = R} C F(S) for all stopping times T. Since R
and S are both F(§) measurable, F(T) N AT =R = S} =F(T(W) NM{T =S} N{R =S} ¢
F(s), and it remains to show that FTE) N AT =R <S} € F(S) as well. But
applying Lemma 4.4 (a) twice we have that T A § is F(s -) measurable and
FTE) nT =R <SS =FTE) NIT <} nIT A S =RICTFG). o

The final result of this section plays a key role in the proof of Theorem 1.

Lemma 4.6. For any random time R

FR NiXp =X 1=F(R) niXp =X _L

Proof. From the definition of F(R) and Lemma 4.1 (b) it suffices to show that
if S is a stopping time, then F(S(+)) NiX;_ =X }=F6-)niX;_ =X}l Buta
result of Blumenthal and Getoor [2] states that if §(S) is the completion of
o(X@t AS),0<t)in F, then G(S) = F(S(+)). In our notation §(§) C F**(5), and
it is a triviality to verify that F**() nix =X, 1=F(-)nixg=x,_1} o

S. Statement and proof of Theorem 1. Throughout the remainder of the paper
we will use a fixed probability P = P¥, where p is a given initial probability on
E,, and statements true almost surely refer to P*. We further assume and fix a
given coterminal family {L%, ¢ > 0} and the resulting terminal time T as defined
in §3. We emphasize that it is for simplicity of notation that we have assumed the

axioms defining {L‘} hold on all of .
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Definition 5.1. A7 ={x ¢ Ep -E,: P(T>0)=0}, Al =ix € Ey —E,:
P*(T > 0) =1}. Thus A" is the set of regular points for T and A’ the set of
irregular points.

Two useful preliminary results are contained in

Lemma 5.1. Let {S_, a € I} be a countable family of stopping times. Then
(5.1) PlO<L'<t L'=S, for some a€l, X leA’]=0.
- L

As a copsequence

(5.2) PlO<L'<y X ,#X X ,eAT)=0.
L L L

[

Proof. Equation (5.1) follows from the strong Markov property and the fact
that L! <t implies T © Ou > 0. For (5.2) let R”m denote the nth jump of magni-
tude exceeding 1/m. Then the set in question is {0 < Lt<y Lt = Rmn for some
m and n, XL.l € A"} which has measure zero by (5.1). O

The conditional distributions which we shall need are given next. Note that
they are defined independently of the initial distribution pu.

Definition 5.2. Let [ € & and s >0. Then for x € A’ let

D(x, s, )= EX[f(X )| T >s]

with the convention throughout that 0/0 = 0. For x € A" and u> 0 let
Dn(x, u, s, /) = Ex[[(Xs)l T Oou >s-u, p(x, Xu) < 1/nl,
recalling that p is the metric on Ea. Restricting u to rational values let
D-n(x, s, )= El_-t}b D,,("» u s, ) Q,,(x' s, /) = lim Dn(x, 4 s, [)

u—

and

Bx, s, )=Tim D (x, 5, /), Dlx s, )=lim D (5 s, /)

n—00
If D(x, s, f) =D(x, s, [), we call the common value D(x, s, [).

Definition 5.3. For [ € & let W (1) = tx, s): D(x, s, [) exists}.

Note that by definition A% x (0, =) CW(f) for all f. Also, it is easy to
show that since the process is right continuous, the functions D(x, s, f) and
D(x, s, [) are universally measurable in the product space E, x (0, =), and
thus so is the set W (/).

Before stating Theorem 1 we remark once again that the property of nearly
quasi-left-continuity is not used in this section. If one simply deletes all
mention of Eb in Definition 5.1, Theorem 1 will be valid as stated, assuming
only the strong Markov property.

Theorem 1. Let f¢€ & and t>0. Then a.s. on {0 < L' <t}
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() (X, t=LY e wp(p),
(i) E[(X )| FWLH = DX, =LY% ).

Proof. It suffices to prove the assertion with sup|/| <1, and by virtue of a
remark in '§2 we need consider only XL' € Aty AT,

Case 1. AXLI € A'. Part (i) needs no proof. To prove (ii) it suffices to veri-

fy the assertion for X € F, where F is a compact subset of {x: PX(T > 8) > %}

t
and 8 > 0. To do this define stopping times S, m20, recursively by

S, =0,
inf{S <u<t X €F, ToO =0}, ()
n u u=-

n+l

tif {i=¢.

It is easy to show that the S are measurable. On {S <1}, XS,,E A*, and so
§,<S,+; a.s. Moreover I:'(Sn,,1 -5 < 0, $, < 1) < %P(Sn <), and it follows
easily that a.s. § =1t for all large n. Finally, a.s. on {0 <Lt <y, XLI € F}
there exists n > 0 such that L! = S,<S,41=¢

Now by Lemma 4.5 for A € (L*) there exists a A_ € F(S_(+)) such that

{XLI € F} ﬂ/\ O{Ll =Sn¥= An ﬂ{Ll =Sn§. Hence
E[f(X); A, L'<t, X ,€Fl= 3 E[f(X);A,0<S <5, Tobg >¢-5]
L n=0 n

ZE[E[/(X,)§ To B¢ >t-S |5 DA ,0<S <4

n=0

[o¢)

2 E[P(T o6 Si- s 1 F(s ) D(Xsn, t=S, (kA0 <

n=0

00

. = t
> E[D(Xsn' t-S, A 0<S =Li<y X . € F]

n=0

=ED(X ,t-L% A L<s X | € Fl.
L L

Case 2. X € A",
Lt

Remark. Since the proof in this case is rather involved, we have divided it
into six steps with the first step reducing the problem to showing that a particular
inequality (equation (5.3)) suffices to prove the theorem. In the second step we

introduce some notation required to define the families of stopping times {57}

(6) The notation T © 8 denotes lim . Toéb .
u— v\u v
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given in the third step. Each family is so constructed that a.s. on I=
(Lt <y, (XLI' LY € K}, K a compact subset of E5 x [0, t), for each m there is an
a such that

O<L'-ST<Sy, -S7<d,

where 3m 1 0. Moreover when the strong Markov property is applied to S on

{_S’: <L*<S7 .}, the resulting expression can be_approximated first by

Dn(XSm ,t =57 ,f) for some n>m and then by D(X ¢~ L% ), and this
a

double approximation is at the heart of the proof. In Step 4 we patch together the
S™ to define random times R™ which permit us to obtain (5.3) in the next step,
subject to a technicality which is removed in the last step.

(1) Reduction of the proof to (5.3). Let € >0 and suppose — 1 = a, <
L $+v-<ay with 1 <ay and a;,; - a;<e. For 1<I<N let

a
Bl= {(x, s): a,_, < D(x, t —s, / ) <a, x € AT},
Since B, is universally measurable, there exist compact sets K, C B, such that
PIL* <t (X ,LYeB,-K)<e.27h,
L
Now suppose we could show that

ELf (X ); A, T\ - E[B(xLl, t=L% () AT ) <eP(ANT)

where A € F(L?) and T, = (LY <4, (xu

using the fact that ¢ is arbitrary we would have

, LY e Kl}. Then after summing on ! and

E[f(x); L' <4, Al = E[B(th, t—L% 1), LY <y, Al

Moreover, if the argument were only notationally different for D, both parts of the
theorem would follow.

Thus, dropping the subscripts, it suffices to show

(5.3) |El7(x ); A, TT - E[E(th, t-L% ); A, T <eP(A N T,
where A € F(LY),

LY € K}

t’

(5.4) C={L <y, (XL

and K is a compact set of the product space Ep x [0, t) such that for (x, s) and
(y, ) in K
(5.5) ID(x, =5, ) =Dy, t =1, ) <e.

At the conclusion of the proof the reader can see that the argument is the same
for D.
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(2) Preliminary definitions. For any 8 > 0 it is possible to find an increas-
ing sequence of integers {N_, m < Nmi and a compact set K CK such that for
all (x, s) € K and m > 1 there exists an n with m <n <N_ and

(5.6) |D(x, t—s,[)—ﬁn(x, t—s, ) <1/m,

and such that P[L! <, (XLI' L") € K- K] <. Thus we may assume that K
itself possesses such a sequence, and we define for each m and (x, s) e K

(5.7) n = ;z'm(x, s)=minin: m <n< Nm: (5.6) holds}.

By virtue of Lemma 5.1 we have continuity at L' a.s. on I' and can find a se-

quence of 8 | 0 such that
m

P(T", for some rational r; and r, in (L*-8 ,L'+3 ),
m m
(5.8) m
p(X’l, x’z)z 1/N_1<27™
By r# we will denote an enumeration of the rationals in (0, £). Then for
s<v <t and (x, s) € K define
z=1u_(x, s, v)=first u € R* with u<(v - s) /\8m and
(5.9 —
|D;(x, t-s,f)- D;(x, u t=s, )] <1/m
(3) Construction of {S’g }. For m=0 let Sg =0 and S? =t. Form=1 we
define an increasing sequence of stopping times indexed by the countable ordinals,
where we call an ordinal a even if a = B8 + 2n with 8 zero or a limit ordinal

and n a finite ordinal. For all even a

Sl = inf {u > sup S/la,: (X, u)e K},
B<a
interpreting supg . 03,16 as zero. Here and subsequently we assign the value ¢ if
the defining set is empty. Next define
1 sty 7(X . sLn e s!<y,
Sa+1 = . @
t if Sa =/,

All of the SL are stopping times.(7) If a is even and 0 < S}l <t, then

since Xsl € A7, To 6 | =0. From the definition SL < Sclz+2 which implies

Sa

that
(1) There exists a countable ordinal 8, such that 5;31 =t a.s. In addition
(D For aeven, Sclz is of the form minfu: (u, @) € A}, where A = {(u, w): u >R,

(Xu, u) € K} with R a stopping time. S; is then a stopping time by [s, 1v, T52] and

Sclt+1 a stopping time by definition.
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we have
(2) If a is even, S}Hl € 5(5}, ().

(3) If a is evenand S, <t,then S}, <¢, Xy Si)€Kand 0<SL,, -

a
sl<s,.
@1 uelU,., wplVacaSh Sa)sthen (X, u) £ K.

(5) If a is evenand S. <¢, there is an even y such that
1 1 0
(5.10) $9 <Sq <Sasy <Sy4r-

(6) If y is even and 59/ <t, there is an even a such that (5.10) holds.
Properties (5) and (6) are trivial of course, but we include them to simplify the in-
duction statements below. Note that by Lemma 5.1 and (4) above, a.s. on " there
is some even a with S§ <L'<S., <t

Next assume a family {7 } of increasing stopping times has been defined
which satisfies (1) through (6) with m replacing 1 as a superscript and (m — 1) re-
placing 0 as a superscript in (5) and (6). Let SB"“ =Sy and

Sg’*l + Em+1(XSm+l.
Srln+1 _ 0
t if Sg”" =t,

where U6"+l = ST. By (2) above S'I"+,l € ?(56"+1(+)). Again for a even let

smel ym+l) g spel <y,

S’a’”l = inf {u > supS’é’*I: (X ,u) € K}.
B<a u
By virtue of (4)

Sm

if sm o< smtl cgm even,
Y +1 ¥y 2%a 4

y+1?
(5.11) vg+t =
t if no such y exists

is well defined, and by (2), U”*! € F(S7*'(+)). Then let

m+l | — m+l pmaly ¢ cm+l
ST+ um“(xsml, smELumth) if ST <o
Sm+1 _ a

at+l 1
¢ if ST oy,

. + + +1]
so that if S7'1 <y, (X pe1r ST e K and STt < U7

a
As with m =1 the IS’:”} are increasing stopping times, and (1) through (4)
hold at the (m + 1)th level. Properties (5) and (6) follow by induction. For exam-

ple, if (5) is true for all B < a, a is even, then either sup,5<aS’g+l € .
[S';, S’,;,'ﬂ) for some even Y, and (5) is immediate for a, or else supg, aS'E !

+1 .
equals S';‘,ﬂ or sup7,<75’,;, for some even y and then ST = S7,,. Again,
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a.s. on ' there is an even a with §7 <Lf< 87, <t

(4) Random times approximating L'. We may now choose a countable ordinal
By such that S’,go =t a.s. for all m. Also, a.s. on I for each m > 0 there
exist even a and y <3 such that

(5.12) smesmH cLtasTH <sT <

By Lemma 4.5,

FGTE) nism <Ly cF (Lt
and hence

ST o isevenand S < Lt< Sa+gs
t otherwise,

is well defined and F(L*-) measurable. Note that R < R 4 and O<L'-

R <& if R_ <t Hence up to sets of measure zero

(5.13) Irc {Rm <L'= lim R ., all m} = {Rm <t, all m}.

m'—oo

Note also that R is honest. (8)

(5) Proof of (5.3). Let A € .?(R,,,O(+)), m>m, and fix a <B;. Then since
?(Rm0(+)) C ?(Rm(+)) by Lemma 4.2, by Lemma 4.5 there exists a A, €
?(57; (+)) With A N {Rm = S’c’v.lx = Aaﬂ{Rm = S’g }. If

(5.14) ™ = {s?<L'<ST,,, p(XSm, X )<1/@},

a a+l

where 7 = rTm(XSm , $™) is defined in (5.7), then ANT7 =A,NT7. An
a
application of the strong Markov property similar to that in Case 1 gives

Elf(x)); A, T7]
X(s™)
EE “lx @5t -S7 <TobzosplX ., Xzl <1/7);
t—- a

a

1]

Ay, S <4l
a
where # = sz(XSm. $7, U7) and U7 is defined in equation (5.11). But then

by (5.6) and (5.7)

(&) For u<v<t,iR_<uiniR <oi=UJ IS <u, ST 4, 2viniR <ol

even a< B
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o

(5.15) |E[f(X ); A, TZ1 - E[T)(xsm, t=-S7, 1) A, 7| <Q2/m)P(A N TD).
a
Suppose now that we could show that

(5.16) P(TAI'™) — 0

where I'” = Ua</30 I'Z . Then adding (5.15) over a < 8, and using (5.5) we
would have (5.3) in the limit for A € ?(Rmo(+)). By virtue of Lemmas 4.4 and 4.6

FLYH nfR_<LY all m} niX =X 1}
m L L

= >../ FR_(+) n {R_<L' all m} n ith=th L
and thus, by (5.13), F(LY) nT" = vV, 5(Rm(+)) NT. Finally, since E(Rm(+)) is
increasing (Lemma 4.2), for A € F(L*) there exist A, € 3:(Rm(+)) with
Pl n(AAA )] — 0. Thus (5.3) must hold for all A € F(L?).

(5) Verification of (5.16). If w£ T, then (th’ L") £ K so that (th’ LY is
not a limit point of (me' R_). Hence £ T™ for all large m. On the other
hand if @ € T, then a.s. for each m and some even a < fB,, R™ = S7 <L'<

S%+; <t Because of (5.8), for large m

pX X <IN _<@)!
a a+l
and hence w € I'™” for sufficiently large m. This completes the verification of
(5.16), and since the argument is similar for D in lieu of 5, the proof of the
theorem is complete. O

6. Statement and Proof of Theorem 2. In this section we deal with condi-
tioning by F(L‘~) and thus need to assume the property of nearly quasi-left con-
tinuity as defined in $2. The proof of Theorem 2 is basically a somewhat simpli-
fied version of the proof of Theorem 1, but the loss of information at L' causes
some additional complications. Before going into details, we define the condi-
tional probabilities Q.

Definition 6.1. Suppose » and [ are in & and s > 0. Retaining the con-

~

vention 0/0 = 0, define for x € E,
Jvix, dy)b(E[f(X ); T > s]
. fvlx, dy)Py(T > s)

For x € E_(recall that E_=E, - Eb) and 0 <u<s, let

0%(x, s, ) = EX[B(X )/ (X )T > 5] =

0%(x, u, s, )= EXIH(X ) (X )T <u, Tob >s - ul

With # restricted to the rationals, define
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@b(x: s, )= lim Qb(x, u, s, [)
u—0

and
gb(x, s, f) = lim Qb(x, 4 s, [
u—0

If (x, s) is in

Wolb, 1) =1(x, s) € By x (0, =) 0P(x, s, /) = Q%(x, s, P,

let 0%(x, s, /) denote the common value. If b = 1, we suppress the superscript
and write Q(x, s, /).

The difficulty we encounter now is that ob(Xx , ,t=L% ) is not always

Lt -

the correct conditional probability on {0 < L! <¢, X € Atu E,}. To illustrate

Lt

the case X Le_ € A?, let the process be uniform motion to the right on [- 1, 0)

-
followed by an exponentially distributed hold at {0} and a subsequent jump to the

absorbing point {1}. Thenif L‘=suplu<t:X £X _ or X €[-1,0),it
follows that X , =0 on {0 <L'< ¢} but X, ,=0,
definition 6.1 gives the correct distribution 5(0) - f(0), bue if X, =1 we should
use h(0) - f(1). In other words, for x = X i

€ A%, two different conditional dis-
tributions may be associated with x. We shall show below that this behavior is

, may be 0 or 1. If XL

the most general possible; i.e., on a set ‘Pl in F(L'-) and contained in
j0<Lt<y, X, .

while on {0 < Lf <1t X
On {0<Li<y X

€ A"} one family of conditional distributions is appropriate,

L € At} - ¥, the family Q" is correct.(9)

.. C e b .
Le € Eb( the conditional distributions Q° again need not

be correct. For example if F is a compact subset of E_ and Lt =

suplu <t: X, € F}, then the correct conditional distributions for x € E, are de-
fined as in Definition 6.1 but with the integral taken only over F. With such
changes in 0"(x, s, /) Theorem 2 will hold for special cases on all of
f0<Lt<y, X 0

of f0<Lt<y, X
Lt—

To define ‘l‘l we need two additional concepts about random times; the first

€ Eb}, but our concern here will be with defining a subset Ql

€ E,} for which Definition 6.1 gives the correct distributions.

is a standard one.
Definition 6.2. A stopping time § is said to be previsible if there exist
stopping times 7 <S§ =lim 7_ a.s. on {§ > 0} for all n.(10)

(%) We are indebted to J. Walsh for the above example and for pointing out Several
errors in the original version of Theorem 2,

(10) Note that nearly quasi-left continuity can be formulated as P”'(XS €. |5(S )=
V(XS_, .) a.s. on {0 < S < oo} for previsible stopping times S.
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Definition 6.3. Let R be a random time and A C{0 < R < w}. R is said to
be accessible on A if for each initial measure y there exist previsible stopping
times S_, m > 1, such that, a.s. P”, AC Um{R =5 I

Recall that we are assuming a fixed probability P = P¥. Then

Definition 6.4. Let ‘I’l be the subset of {0 < L! <1, XU_ € A%} such that

L! is accessible on ¥, and P('I’l) is maximal.
The existence of such a ¥ . is easy to verify while the implied uniqueness
is modulo P-null sets.

Lemma 6.1. ‘I’t € F(Lt-) and XL =X a.s. on ‘Pt.(“)

t Lt—

Proof. By definition ¥, will be of the form U {L'=5 _,0<L‘<s, X , € A"}
m m Lt—

for a countable collection of previsible stopping times S _. Then ¥, € Fwt-)
by Lemma 4.5(a), and, since X, . £ E,, X

quasi-left continuity.

a.s. on ¥, by nearly

t= XLt_

L
Note that by the maximality of ‘Pl, up to P-null sets L is not equal to a

previsible stopping time on {0 <L’ <t X € A} - ¥, . We formalize that

property in
Definition 6.5. A random time R is totally inaccessible on A relative to
PY if PY(R =S5, A) =0 for all previsible S. R is totally inaccessible on A if

it is totally inaccessible on A relative to P” for all y.

Lt~

As an illustration of these definitions we have

Lemma 6.2. L' is totally inaccessible on {0 < L' <, X, € A"} and

€ Ebi.

1_
accessible on {0 <Lt <t X

Lt_

Proof. The first assertion follows from the nearly quasi-left continuity and
Lemma 5.1. For the second assertion it suffices to show that L! is accessible
on {0<Lt<y¢ X

Lt—
P(O<L! <t XL € Eb - Un F") = 0. By Lemma 6.5 below we can choose

€ U F_}, where the F_ are compact subsets of E, and

t_
such F_ so that L* equals one of the countable family of previsible times

inf{s>r, X__ € Fn}, r rational, and this completes the proof. O

The key to the proof of Theorem 2 on the totally inaccessible set

fo<Lt<t X

_ . P is siven i
L € E}- ¥, relative to P is given in

(11) Under reasonable assumptions on the process, it is also true that X[_l £ X

€ Ai}—\lvt, so that v, would equal {0 < Lt <, X = XL.

Lt_

t i
on f0 <L <t’XLt_ Li_ leA},

which is independent of the measure P. See P. A. Meyer and J. L. Walsh: Quelques
applications des resolvantes de Ray, Invent. Math. 14 (1971), 143-166.
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Lemma 6.3. Let K be a compact subset of E x(0,t). Then a.s. on

t t
f0<L'<y, (XU_,L)e Ki-¥,

Lt = suplu < Lt (Xu, u) € K}.

Proof. If not, then for some u the set A ={0 <L’ <y, X, € E_,

(X, u) £ K forall u € (uy LY} - ¥, has positive measure. If p, is the metric

on Ea x [0, ) given by p ((x, u), (y, v)) = plx, y)+|lu-v| and 7 =

inffu > ug: p (X, u), K) < 1/n}, we have 1 < Lt = lim 7 a.s.on A. This

contradicts the total inaccessibility relative to P, and the lemma is proved. O
Our next task before proving Theorem 2 is to define the subset @, of

t
{0<L!<y, xu_

independent of the measure P: e.g., ®, =10 <L'<t, X

€ E,}. Ideally we would like to give a definition which is
L € E, Lto ku = LY.
Unfortunately in order to show @, € F(L*-) and the crucial property (6.1) below,
it seems to be necessary to make a technical assumption such as L! o ks €
F(5-) for all previsible stopping times S. To avoid such an assumption we use
instead

Definition 6.6. Let ®, denote the subset of {0 < L' <¢, X ,_ € E,} with
maximal P(®) and satisfying: for anysprevisible stopping time § there is a
Ige F(5-) contained in {0 < S <t} such that

6.1) ®tn{L‘=s}=FS Ni{To 05>t -Sh

Intuitively our motivation is to define a set on which L! is independent of
. . t to(:
XLl and depends only on information upto L andon T © 0“ >t-L* (ie.
Lto ku = L'). Note that for the second example given above ®, is empty since

L' <t forces XL‘ € F.

Lemma 6.4. @, € Fwt-).

Proof. As noted earlier L' equals one of a countable number of previsible

stopping times on {0 < L' < ¢, X € E,}, and thus it suffices to show & N
pping b t

t_
{L' =S} € F(L'-) for a previsib’Ie stopping time S. By (6.1), ®, N{L* = 5} =
I, N0 <L'=S<t} with Iy € F(5-), and by Lemma 4.1 (b) this is in F(L*-)N
{0 <L!=S§ <t}. Lemma 4.5(a) and previsibility give {0 <L’ =5 <t} e F(L'-),
completing the proof. O
Definition 6.7. Q, =@, U ({0 <L’ <y, X,
pends on P and that {1, € FLe-).

Before stating Theorem 2 we need one final result.

K E}- lI’l). Note that Q, de-

Lemma 6.5. Let 6 >0 and let F be a compact subset of {x € E,:
vix, Blx, 8)) <} where Blx, 8) =y € E,: plx, y) <8} (recalling that v is the
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branching measure). Then a.s. tu>0,X _ € F} is separated, i.e. has no [inite
accumulation points.

Proof. It is obvious that only a finite number of u with p(X,_, X ) > 8 can

occur in finite time. Let

Sy=influ>0:X _ €F, p(X , X )<8 X, _ ¢F for0<s<ul
and

S,1=5,+5 oesn,

where S, =oo if S =o0.(12) If the lemma is false, there must be some z >0
such that on a set of positive measure, §_© Ou < oo for all n. Thus we can
establish the lemma by proving P*(S, <o for all ) = 0 for any x € E. This will
follow from P*(S_,, <)< )4 P*(S < ) which in turn will follow from

P*(S, <o) <}4. To show this, let S =inf{u>0,X _ € Fl. It is easy to see

that $ >0 a.s. and is previsible. Hence by nearly quasi-left continuity
PX(§) <o) = PX(§ <, p(Xg_,s Xg) <8)

= E*w(Xg_, B(Xg_, 8)), S<o) <}.

Theorem 2. Let t >0, [ ¢ & and b € C. Then almost surely on Q,
(i) (Xu_, t-LY € WQ(b. f, and

i) Elp(X | JAX )| F(L! )] = 0k (x t- LY ).

L’

Almost surely on ¥, (X t-LY e Wp()) and

Lt

Elh(X ) )IFL-N=hx DX 0= LY ).

Remark. If we weaken the nearly quasi-left continuity by requiring (2.2) to
hold a.s. on {Tn < T < ¢, all n}, the theorem and subsequent results based on it
are still valid provided Q, and ¥, are replaced by @, N{L* <{} and ¥, N
{L* < {} respectively.

Proof of Theorem 2. Since F(L‘-) CF(L?) and X .
assertion is immediate from Theorem 1. For the first part of the theorem we con-
sider the two sets @, and {0 < Lt<ye X

€ A' on ‘I’t the second

L € E} - ¥, separately, and note that

it suffices to assume [ € & and both { and b are bounded in absolute value by 1.

Case 1. X’ . € E,. Inthis case (i) is immediate, and it suffices to prove

»

(ii) on- @, N {XL‘—
%1, 8>0. Define stopping times {S_, n >0} by S, =0 and

€ F}, where F is a compact subset of {x € E,: vix, Blx, 8)) <

(12) By remarks in §2, Xsn £ F a.s. and since F is compact it follows that Sn <
S"ﬂ on {Sn < oo}
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influ: S <u<t X € F},
- n u=-
SN FEETE

By Lemma 6.5, a.s. §_ <S_., if S <t,and for sufficiently large » S_ =1t For

almost all w € {X € F| there is an n with §_ =L’ Since S_ is previsible,

Lt—
we have by the quasi-left continuity

Elgxs ) F(s = [ulXg _, dylgly)

a.s.on {S_<t} for g € &. Using a standard argument it follows that
Elg(Xs S )1F(s, N = [ulxs _, dy)ly, 5)
n n

a.s. on {§ <t} for ¢ a bounded universally measurable function on the product
space Ea x [0, ).

If A€ F(L’-), then by Lemma 4.1(b) for each n there exists a set A€
F(s_-) such that

{x

, €FInAn 1L‘=S"¥=AnnfL‘=S"}.
L

Hence, employing (6.1) with §, =S there, we have

eF]_ZE[b(xS ) (x); A l"S,L =5 ]

n=1

EB(X /(X )i A, @, X

L'~

[~

= 2 Elb(xg )E e ")[/(X,_s ;T >t-S LA, I"S"]

n=1

= Zl E[f v(xS"_, dy)P(T(w") > t-S ) - Q"(Xsn_, t-S, A, PS,.]

™Mzs

E[Q"(XLt st=LL %A, ®,S =L

n=1

- E[Q”(xu Jt=LL %A@, X | eFl,

Ll

where the third equality follows by conditioning on 3"(5"—) and the definition of
0.

Case 2. X’ . € E . The proof is quite similar to that of Case 2 of Theorem
1, but somewhat simpler because the difficulty of including the information at L!

is avoided. Let ¢ >0, K be a compact subset of E x (0, t) with
(6.2) 10%(x, t = s, [)=0%y, t =1, )] <e
for all (x, s) and (y, r) in K, and
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F={0<Lt<y (xL L‘)eK;—‘l‘t.

t ’
It suffices to show

(6.3) |E[b(th)f(xt); A’ F] - E[Qb(th’, t — Lt, /); A, F]l _<_ fP(A N P)

for any A € F(L!-).
with R¥ denoting an ordering of the rationals in (0, ¢), define, for (x, s) € K
and s <v <t¢,
u = im(x, s, v) =first u in R" such that z <(v—s) A 1/m and
|0%(x, t-s, f) - 0%x, u, t-s, | <Vm
The families of stopping times {S7 | and the random times {U7 } are defined
exactly as.in the proof of Case 2 of Theorem 1 (from the new K and #_) and

possess the same properties, except that since X n may be in A’, it is not
a
necessarily true that To 6 =0 a.s. for S7 <t (o even). However, this last fact
sa
is dispensable. We now define

m H H m t
Sa if aisevenand ST <L'<ST, |

t otherwise.

Note that this definition is slightly different from before because L* = §™ +, may

occur with positive measure. We claim that
(6.4) rce U (sg<Lt<sz i
evena<,30

except for a set of measure 0 (B, was defined in Case 2 of Theorem 1), which
implies
(6.5) Fcir < L* for all m}
except for a set of measure 0. First for a limit ordinal a, L! £ supgc aS’,g a.s.
on ' since L! is totally inaccessible on I' relative to P. Next for any even a,
X, u) £ K for u € [supls< aS’E , S7); thus, because of Lemma 6.3, L* £
(supge oS 5™] almost surely, and (6.4) is established.

The honesty of R is verified as follows: for 0 <u <v <t,

R, <ulniR <vl= U 157 <4l

evena<f3 o

ﬁ({S;"n > vi U {S;",fz <y, To Gsm >y-— S;"+2})
a+?

ﬁme <vl
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Now fixing A € .‘}-(R,,,O(+)) and m > m, we again use the strong Markov

property to obtain

E[b(XSm (X ); A, ST <L'<ST,

a+l

- E[Q”(xsm, wt-ST A ST <Lt <sm, ]
a

with # = Em(XSm , $%, U7). Then summing over a and, as m - o, using the
a
continuity of b, equation (6.2) and the definition of #, we obtain

|Elb(X /(X ); Ay R < L* for all m]
- E[éb(xLl-’ t— Ll’ /), A’ Rm < Ll for all m]l

<eP(A N {Rm < L* for all m}).

Using Lemma 4.4 we obtain the above inequality for all A € F(L'-). Since T €
F(L*-), this and (6.5) yield (6.3). Repeating the argument with notational changes
yields (6.3) with g" for 0% and the proof if complete. O

7. The relationship between Q” and D. From Theorem 2 we have seen that
on {, Qb(XL

the process at ¢ given information up to but not including L‘. Tt is reasonable

(o t- L% .) can be interpreted as the conditional distribution of
then to expect that 0" can be represented as a weighted average of entrance

distributions D(y, ¢t — L%, .) from points accessible from XL . Specifically we

t_
show that there exist measures 7(x, s, dy) such that a.s. on Q,

Q"(XLt L =Lt f) = fn(th .t~ L% dy)by)D(y, ¢ - LY, ).

This will follow from Theorem 2 and (7.4) below.
Definition 7.1. Let X denote a countable, dense subset of ‘C with respect
to the supnorm and assume the constant function 1 € H. Let
Vo= N wyb, 1),
Q bek Q
where WQ(b, /) was defined in §6.
To shorten our equations we use the notation of

Definition 7.2. When the quantities involved are defined, set

d(x, s, ) = D(x, s, Ht_sl) and ¢(x, s, 1) = Q(x, s, Hz-sl)

where H_g(x) = E*[g(X): T >r).
Suppose that (x, s) € VQ. Then Q"(x. s, 1) can be extended to a bounded
linear functional on C, and hence there exists a Borel measure 7x, s, dy) such
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that for all » € X
(7.1) 0¥(x, 5, )= [nlx, s, dyhy).

Since Q%(x, s, 1) is universally measurable in (x, s), Vo is a universally measur-
able set in E, x (0, =), and a straightforward argument shows 7(x, s, B) to be
universally measurable in (x, s) for all B € $. Note that for x ¢ E b

(7.2) 1, s, dy) = vlx, dPUT > 5) [fulx, d2) P(T > s).

Theorem 3. Let b, [ € & Then almost surely on Qt’(xu_' t-LY e Voo

(7.3) Elblx )| FLeo) - [ nX o e= LY dyby)

t
and 1'(th_’ t- L% .) is concentrated on {y: (y, t - L*) € Wp(D} n
({XU—} Uly: PY(T >t - LY >0}). Furthermore a.s. on Q,

(7.4) EWHX ) 1 )| FLe ) = f"(xu , t =LY dyblyD(y, ¢ - L, /).

Finally if 0 <s <t then a.s. on Qt N{0 < L! < s}

(X s 1 S— Lt dy)d(y, s=L%, ¢t~ LY

(7.5) "X _,t-L%Y dy)=
LS- q(x N s—L,¢t-LY
L -

Remark. Note that the set of points “‘accessible’’ from X, ,_ depends on

t
t - L' as well as on XU itself.

Proof. Since X is countable, Theorem 2 implies (XU_ ,t=LY isin V

and (7.3) holds a.s. on Q,. Because L, € F(Lt-), (7.3) can be extended to
Elg(x , LOIFW N =[x 1= L% a0y, LY

Q

a.s. on Q, for any bounded Borel measurable function ¢ on E4 x (0, ) and
hence to any bounded universally measurable function through the usual argu-
ment. The assertion following equation (7.3) then follows from the extension
above and the fact that, on {XL X L .} L' can be represented by a countable

number of stopping times so that an application of the strong Markov property
yields PX(L')(T(w “Y>t-LH>0 a.s. on Qz N {XU £ XL.' 1.
To show (7.4) we apply Theorem 1 to obtain a.s. on Q,

Elb(x X)) FLIN = Elo(X DX o= LY PIF(LE)]

= f n(XLl , t =L, dyb(y)D(y, ¢ - LY, ).

For (7.5) let A € F(LS-) CF(L*-) and simply compute in two different ways to

obtain
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Elp(x ); A, 0< Lt<s)
L

= E[Q(X ,s—-L° H
Ls

D X - L%, dby) A0 < LT < s]

- E[fr,(st_, s = L%, dypbyIDly, s - L%, H,_ 15 A, 0< LS < s]. o

8. Entrance laws. Let {L‘, 0 <t} be a coterminal family, T the associated
terminal time and H, the semigroup generated by T as given in Definition 7.3.

Definition 8.1. A family of finite measures {m , 0 <t} is called an entrance
law relative to H, if for all [ € e

m ot f= [m(dH G P =m_,,f

for all 0 <s, ¢

Now the usual proof of the strong Markov property for a stopping time §
relies on the fact that the measures P (X (), d2) = P(X,, € dz | FSH)) a.s. are
part of the original semigroup and are thus trivially entrance laws (relative to the
semigroup). Thus to obtain a strong Markov property at L' it is necessary to
prove an analogous property for Qb and D. As mentioned in the introduction,
this is made possible in special cases by means of a normalizing factor and the
purpose of this section is to verify that it is possible in general. Since the
arquments involving D are almost identical with those involving Q”, we will
content ourselves with providing details only for the latter.

The basic ideal underlying this section is that equation (8.5) ought to hold
in the limit, and much of our initial effort is directed to defining a subset of E4 x
(0, ») on which that is true. (See the Corollary to Lemma 8.3.) Once we obtain
that we show how the entrance laws relative to H, may be obtained. The next
chore is to connect Qb(x, -, ) and D(x, -, -) as in $7, for x in an appropriate

subset of E5. When we have that we can then prove that th

subsets of E, which have all of the desired properties (Theorem 4).

It should be observed that P*(T >s) . D(x, s, -) for x € A' and
fhx, dy)PY(T >s) . Q%(x, s, -) for x € E, are obviously entrance laws with re-
spect to H,. However, to avoid making continual gualifications below, we do

and X are in
Lt_

not bother to exclude these sets in the following discussions.

We begin with

Definition 8.2. For ¢ and A positive rational numbers let ](m‘ =
{g: g = Hfyfe H3, where H was defined in §7 and where

f(x) = E"[f: e'“/(xs) a’s] =f: e'xSHs/(x)ds.
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Let }(t={g:g=Hl/,/€ H} and
A-Xu U 0 UK.

0<t, A rational
Definition 8.3. For fixed b € C let
W)= N Wb, ) AW, /) and #p= N WL
f€X fEX
Note that since H is countable, WQ(b) and WD are universally measurable.
(WQ(b, ) and W,(/) were introduced in Définitions 6.1 and 5.3.)

Now suppose (x, s) € WQ(b). Then Q”(x, s, +) can be extended to a bound-
ed linear functional on G, and thus there exists a Borel measure Q"(x, s, dz)
such that

(8.1) 0%, s, )= [QPlx, s, d2)f(2)

for all f € H. Since Q”(x, s, f) is universally measurable in (x, s) for fixed

/ € H, it follows by a standard argument that Q”(x, s, B) is universally measur-
able for each Borel set B € B and then that [Q”(x, s, dz)f(2) is universally

measurable for each [ in &. Since an analogous argument holds for D, the sets

WQ(b) and W, defined next are universally measurable in the product space.
Definition 8.4.

Wb = {(x, s) € WQ(b): Q%x, s, A" UE,)=0(x, s, AT UE,) =0,
and, for all f €, 0%(x, s, N = [Q%(x, 5, d2)flz)

and O(x, s, /) = fQ(x, s, dz)/(z)}-

w

D = {(x, s) € WD: D(x, s, /) = fD(x, s, dz)f(z) for all [ € H

and D(x, s, AT U Eb) = 0}.

Let f € E. 1f v, s) € WQ(b), redefine Q%(x, s, f) as [Q%(x, s, dy)f(y), and if
(x, s) € W, redefine D(x, s, [) as [D(x, s, dy)f(y).

Lemma 8.1. Suppose r>0 and (x, r) € WQ(b). If s>r with s —r rational
and Q(x, 1, Hs_rl) > 0, then (x, s) € WQ(b). Moreover

8.2) QP(x, 5, ) = O%(x, 1, H__ £)/Qlx, r, H__ 1)

forall g € €.
Similarly (x, 1) € W, s —r>0 rational, and D(x, 1, H,_,1) >0 imply
(x, s) € WDPand/or g€ &

(8.3) D(x, s, g) =D(x, , H__ g)/D(x, r, H,_ 1.

Proof. It suffices to prove (8.2) for g € H since the remaining assertions
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are immediate. Since Q(x, r, HS_’I) > 0, for sufficiently small rational « <7~
(8.4) qu(x, r,s)=0(x, o 1, HS_rl) >0,
and by an application of the Markov property

(8.5) 0%(x, u, s, g) = 0P(x, u, r, Hs_rg)/qu(x, r, s

Since Hs_’ﬂ C F, the right-hand side of (8.5) converges to the right-hand side
of (8.2), and thus Q”(x, s, g) exists and (8.2) holds for g € H. The same argu-
ment holds for b = 1, and thus (x, s) € Wo(b). u]

For convenience’ sake we will use the notation for all s >r

q(x, r, s) = fQ(x, 7 dz)Hs_’l and dx, r, s) = fD(x, 7 dz)Hs_rl

for (x, r) in W (1) and W, respectively. By the definition of W (1) and W,
this notation is consistent wnth that used in §7 Note that both d(x, 1, s) and

g(x, r, s) are right continuous and decreasing in s.

Lemma 8.2. Suppose (x, 7) € W (b) Then for all { € K, Q (x, u, r, H /A)
converges to fQ (x, 7, d2)H (2, [)) as u 10 forall s>0 and rational A> 0.
Furthermore g (x, 1, 5) — q(x, 7, s) for all s >r except possibly those s in

TQ

(x,7) —

={s>r qlx, r, s=)> qlx, r, s)}

where q(x, r, s=) = lim, q(x 7, u) = [Q(x, r, dz)P*(T > s - 1). Under analogous
assumptions, analogous results hold for D and

d(x,7,8)=D(x, u, r, H__1) = dx, 1, s)
u Se=7
except possibly on

T(D ={s>rdx, r s=)>dx, r, s)}
x,r)

where d(x, r, s=) = limu,s d(x, r, u) = [D(x, r, dz2)P*(T > s - 7).

Proof. If g is uniformly approximable by g € K, then Q%(x, 4, r, g) —
[QP(x, 1, d2)g(z). Since H ¢fa is uniformly approximable by H_f), s rational, the
first assertion is 1mmedxate For the second assertion note that since both
qu(x, 7, s) and q(x, r, s) are decreasing in s and qu(x, 1, s)— q(x, r, s) for
s —r rational, we must also have convergence for those s at which ¢(x, r, s) is
continuous. O

Parameters of the form 1/4(x, s, s) and 1/d(x, s, t,) turn out to be the
appropriate normalizing factors which convert Q%(x, s, .) and D(x, s, -) to

entrance laws. The next result provides the key facts for that.

Lemma 8.3. Let 0<7<s and suppose both (x, r) and (x, s) are in WQ(I).
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Then if q(x, r, s) >0,
(D lim o ’)er(l)q("' s’ t)=gqlx, s, t) for all t>s.
(2) q(x, 7, s)g(x, s, t) = q(x, 7, t) forall t>s.
(3) q,(x, 1, s) — gqlx, 1, 5) as u— O through rationals.
Q Q
4 T(x,s) CT(x,r)'
Analogous assertions bhold for d(x, r, s).

Proof. Using g = H,_ 1 in (8.4) we have for 0 <r <s <t
(8.6) qu(x, 7, s)qu(x, s, 1) = qu(x, 7, t)

and so qu(x, 7, ) is increasing in r for fixed t. Hence it suffices to prove (1)
for any sequence s l's, and we may choose s <1, s - s>0 rational, and
qlx, 7, sn) >0. Let t >t be arbitrarily close to ¢ and such that, for all »,
q,(x s, t ) —qlx, s, t.) and qu(x, s, tm) —qlx, s, tm), a choice made
possible by Lemma 8.2. Then using s, s and ¢_ in (8.6), in the limit,

q(x, s, sn)q(x, S, tm) = q(x, s, tm). Assertion (1) follows by letting t |t then
s, | s and finally recalling that Q(x, s, A" UE,) =0 or g(x, s, s+) = L.

For (2) choose appropriate 7 <s <s <t<t ,user s andt_ in(8.6),
and after passing to the limit as « — O through the rationals let g(x, s_, t ) —
q(x, s_, 1) — ql(x, s, t). (3) then follows by (2) and an appropriate choice of ¢ in
(8.6), while (4) is immediate from (2). O

Corollary. If (x, 7) and (x, s) € WQ(b), then q(x, r, s) > 0 implies

(8.7) Q%(x, s, ) = Q%x, r, H__ N/q(x, 7, 5)
forany f € &. Similarly if (x, 1) and (x, s) € W, and d(x, 1, s) > 0, then
(8.8) Dx, s, ) = Dlx, 7, H__ N/dlx, 1, s).

Proof. From Lemma 8.2 and Lemma 8.3(3)

Qb(x, s, )\/x) = Qb(x. r, H _'A/x)/q(x, r, s)

S
for f € H. Letting AT o through the rationals gives (8.7) on C and thence on é. o

We now have enough preliminary results to obtain the entrance law property
in the form desired.

Definition 8.5. Let G(h) denote those x € E5 such that

(i) There exist s |0 with (x, s )€ WQ(b).

(ii) There exists a u > 0 such that g(x, r, s) >0 forall 0 <r<s<u and
(x, 1) € W (b)

Gp will denote the analogous set with D and 4 in lieu of 0% and ¢.

Note that if x € G(,(h), by Lemma 8.3
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(8.9) uQ(x) = supit: ¢qlx, s, 1) > 0}
is independent of s € (0, u), and similarly for
(8.10) up(x) = supis: d(x, s, 1) > 0}

Lemma 8.4. Suppose x € GQ(b). Then there exists a family of measures
OP(x, s, -) and a function J(x, s, t) such that §? and § coincide with QP and
q if (x, s) € WQ(b) and 0 <s <t < uQ(x). If 0<sy <uglx), then

10%(x, s, )/7(x, s, S¢), 0 <s < oo} is an entrance law relative to H,. (Recall
the convention 0/0 = 0.)
~
If x € G, then similarly there exists an extension D and d such that
~

{D(x, s, -)/d(x, s, to), 0 <s <} is an entrance law relative to H,.
Proof. Let s, 1 0 and (x, sn) € WQ(b). Forall s >s  let

5"(:6, s, ) = 0P, s, H N/q(x, S s)

so that 0% = 0% if (x, s) € WQ(b) and s < uQ(x). Note that §”(x, s, /) = 0 for
all s> uQ(x), and that (8.6) and Lemma 8.3 (2) show the definition to be inde-
pendent of the choice of s, <s. Using 7(x, s, 1) = [0(x, s, dz) H,_(z 1) for
s<t,we extend § to t<s by

('qv(x, t, N~ i r<s< uQ(x),

N(x, s, )=
! 0 if ugx) < max(s, 1),

and it is easy to check that for all 0 <r, s, ¢
(8.11) q(x, 1, s)glx, s, 1) = ’t;(x, r, t).
The entrance law property then follows trivially: with 0 <s, < uQ(x)

M, s H,_p LS H o D Bk,

='&’__ - = .
7t s, s)  ale s, slgle s, s) gk, 1, s0)

The proof of the assertions for D is completely analogous. O

In the sequel we shall be using J(x, s, /), D(x, s, /), 7(x, s, t) and
z(x, s, t), but since no confusion should result we suppress the ‘*~’". Although
these functions are well defined for x € GQ(b) or for x € G, we have not yet
established their measurability in (x, s), and that is the purpose of the lemma
below. Unfortunately the sets GQ(b) and G|, themselves need not be universally
measurable sets, and we introduce the convention

Definition 8.6. Let D C E5. Then g(x) is said to be universally measurable
on D if the restriction of g to every universally measurable subset of D is

universally measurable. A similar convention holds for D* CE, x (0, =) and a
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function g*(x, s).
Recall first the relations derived above for 0 < r<s <t x € GQ(b) and

/€ g:
alx, r, )glx, s, )= qlx, r, 1), 0Px, 1, )= 0QPx, s, H, /4%, s, D,

and their counterparts for x € G,

dx, 7, s)dlx, s, ) =d(x, r, 1), Dlx, 1, ) =Dlx, s, H,_ P/dlx, s, 1.
Then

Lemma 8.5. For fixed h € C and [ € & the functions QP(x, s, [) and
O(x, s, f) are universally measurable on GQ(b) for each s >0 and are jointly
measurable on GQ(b) x (0, o). In addition uQ(x) is universally measurable on
GQ"(b). Analogous results hold for D(x, s, f) and up(x) on G and G, x (0, ).

Proof. / may be assumed continuous. We shall define universally measur-
able sets GQ(b) DGQ(b) as well as universally measurable functions Qb(x, s, /)
and 2 (x) on GQ(b) x (0, %) and G (1) respectively which agree with Q"
ug on the smaller domains. First fot g€ Hand (x, s) € E, x (0, ) define

Q b(x, s, g) = hm hm 0%(x, u, s, Ag,))

as ul 0 and A — oo through the tat:onals provxded lim ) lim , Ox, u, s, A1N) = 1.
Let W {(x, s): Qb(x, s, g) and Q(x. s, g) = 01, s, g) exist for all g€ Hi.
Then W is a jointly universally measurable _set, each s-section [W] is univer-
sally measurable in E,, and the functions Q P(x, s, g) and Q(x, s, g) are jointly
universally measutable on W and universally measurable on [W] for each fixed
s>0. Let G (b) = U N <z[W] , where s and ¢ range over the positive

rationals, and defme for x € G (1)

inf{s >0, s rational and [ é(x, r, dy)Hs._rl(y) >0
(x) for all small rational 0 < r< s}

0 if{l=g
Then GQ(b) is umvetsally measurable and uQ universally measurable over
G (1) pYe (b) If 0P(x, s, f) is redefined to be zero for s > & (x) we have

Qb(x, s /) = Qb(x. s, [) on Gy (») x (0, o) and ug = uQ on GQ(b) The first
equality follows from the fact that for x € GQ(h) and s < uQ(x)

0%x, u, s, '\/A) Q%x, u, r, H r'\/)\) 0%(x, r, Hs_r/)

0(x, u, s, MA) - ox, u, r, Hs-er) 9(x, r, s)

S=

as u— 0 and A — oo through the rationals, assuming r <s and (x, r) € WQ(b)-
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The second equality follows from the definition of ug and z?Q.

The proof for D and uj, is similar. O

Next we connect the entrance laws Q%(x, s, ) and D(x, s, .). Let Gy =
nbE“GQ(lJ). Then, as before, for each x € G, and s > 0, 0%(x, s, 1) defines a
linear functional on C and so there exists a measure 7(x, s, -) on E, with
0%(x, s, 1) = [q(x, s, dy)b(y). Clearly n(x, s, Eq) =1 if s < uQ(x) and is zero
otherwise. For s < uQ,(f‘) the definition extends that of $7. By virtue of the
above lemma, for B € B, 75(x, s, B) is jointly universally measurable on Gy x
(0, ) and universally measurable on Gy for each s > 0.

Definition 8.7. Let HQ be those x € GQ such that for some sequence snlO

) nlx, s, .) is concentrated on {x} U A’
(ii) n(x, S, .) is concentrated on Gpy, that is on some Borel set B C G-
(iii) For all b, f € C

0*(x, s . = fn(x, S dy)b(y)D\y, S -

It will be clear from the proof of the following lemma that the sequence s, in
Definition 8.7 may be fixed independently of x € H,.

Lemma 8.6. Suppose x € H, 0<r<s, heCuandfe & Then

(1) 7(x, s, +) is concentrated on (ix} UA") N G,.

(2) 0%, s, ) = [1x, s, dy)b(yIDG, s, .

(3) Qb(x. s, ) = [nkx, 7, dy)b(y)D(y, r, Hs__r/)/q(x, 7, s), in particular
1%, s, dy) = nix, r, dy)d(y, 7, s)/q(x, 7, s).

(4) q(x, 1, s) = [nfx, 7, dy)d(y, 7, s).

Proof. Let s <s be as in Definition 8.6. Thenforall he C, fe &,

0%, s, H,_ N [nlx s, d)by)Dly, s, H /)

Qb(x, s, )=

glx, s, s) q(x, S s)

With [ = 1 we get 7(x, s, dy) = 1%, s, dy)d(y, s, s)/q(x, s , ) and (1)
immediately follows. (2) also follows since

D(y, s, /) = D{y, S Hs_sn/)/d(y, S s).

Ifs <r<s, then
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i 4

[nlx, S dy)b(y)D(y, s H _ HS_J)
0%x, s, ) = e

gz, s, s)

fnlx, s dy)b(y)dly, S Dy, r, Hs_r/)

g(x, S rglx, r, s)
[nx, r, dy)b(y)D(y, r, Hs_r/)

qlx, r, s)
in view of the foregoing; (3) is thus established, and (4) follows by setting [ =
h=1. O

We can now prove

Theorem 4. For each initial measure p and t >0
(1) X, , €6y (i.e. in a Borel subset of Gp)) a.s. on {L* <t}, and

(ii) XL,l— € HQ a.s. on Qz'

Proof. Fix p and ¢t > 0. We only prove (2) and (1) is similar (and simpler).
Now it follows from Theorem 2 that, for each 7> 0, (XLr—’ r-L" e WQ(b, f) and

E[b(XL’)/(Xr)Iff(L’-—)] = Q”(er ,r=L"

a.s. on Qr forall f € K and b € H. We obtain the measures_Qb(XL’_, r—-L7 )
as [ runs through H and see that the integrals of /€ H against these
measures are the Qb(XU_, r— L7 [) above, a.s. on Q. It is also immediate
that Q”(XU_. r—L", .) is concentrated on A’ a.s. on Q_, and thus up to a set
of P* measure zero on Q_ we have (XU_, r-L" e WQ(b) for all h € H. Also
if 7 <t the following computation implies that q(XL,_, r—L",t-L")>0 a.s. on
Q‘ N {Lt <7} CQ’:

E[I{Ltq; |F(L7-)] = E[Eu{TOe’)l_r} 15 )| F(L7-)]

(8.12) =ElH,_ 1(x)|F(L7-)] = Q(xL, sr=L,H_1

= q(XL’ ,r=L"t-L"

a.s. on @ . Thus for 0 <r <t there is a o-compact set | C nbe]((WQ(b)) N

(Ep x (0, 7)) such that g(x, s,-t — 7+ s) >0 for all (x, s) € J, and such that
(XU ,r-L") € ], a.s. on Qz N{Lt <r}. It then follows that Cn , =

o

{x: (x, s) € J,, some s in [r - 1/n, )} is o-compact and Bt(y, 0) =

n:=1U0<r<z, - Cn" is a Borel subset of E,. By the construction Bt(y, Q) C
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Ggrand X | € B,(w Q) a.s.on Q,.

Proceeding in a similar manner using Theorem 1 we can find B (1, D) C G,
such that X (€ B,(, D) CGp a.s. P¥ on {L* <t}. To complete the proof of
part (ii) we define g-compact sets | r' CJ, by imposing the additional condition
that, for (x, s) € ]r' » (%, s, -) is concentrated on ({x} UA") N G| and satisfies
0%(x, s, /) = [7x, s, dy)b(y)D(y, s, {) for all f, h € C. By virtue of Theorem 3,
it follows that, a.s. on @, (X, r-L’) € ]'. Thendefine C, from ] and
Bt' (z, Q) from the C':" as before to obtain, a.s.on Q, X, , € Bt' €

B, Q) CH,. D

9. The strong Markov property at L‘. As mentioned in the introduction, the
z_) but

also on ¢ — L. In this section we obtain the explicit dependence on these para-

evolution of the process from L' may depend not only on XL . (or X L
meters, as usual confining our attention in detail to only one case.

Theorem 5. Let /ieg, 1<i<n+1land 0<s; <s,<...<s <t with
t =t-L' Thenas. on {0<L‘<t—sn§

E[/M(xt) kI}l L, Sk)|ff(L')]

+.

D(X o Sp dzl)

L
- f-f _m/l(zl)Hsz_sl(zl, dz,)
Lt

H oy dz )G Gl )

'---'[n-lzn—l s,=s n+l

If n=1 and [, =1, using the convention g_(x) = P*(T > s), the foregoing takes
the form

D(XL" s, /gz_-s)

E[fx , )|FLY]=
L 4s

t
D(XLt’ s, gt—_s)

as.on{0< L'< sl
Almost surely on {0 <L <t - sn} NQ,if he C,
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E [b(xLl)/Ml(xt) kI.;Il /k(th+Sk)|fT(Lt_)]

Qb(th_’ Sy dzl) o)
- [ PSS M
H, 1(zn_l, dzn)/n(zn)Ht—_s (z, /,.+1)’

7(X . Sy dy)

- f” L- — HyDly, s, d2f,(z,)
q(XLt-, st

- H l(zn_l, dz ) (z H-_ (=, )

n’ 'nsl
and

Elbx Jrx , )l FLe-= Q”(xL,_, s fero MO osigp )
a.s. on {0 <L'<t—s}ﬂQt.

Remark. By virtue of the first part of the theorem we also have a strong
Markov property relative to F(L‘~) on the set ¥,: simply replace ¢ by d and
b
0 (th_’ <, ) by b(XLt_)D(XU_,

Proof. We confine our attention to 0” and also assume that all the f; are

., +) in the equations above.

in C. By virtue of the preceding section we can restrict 0 ”(x, s, f) to
B, (s, Q) x (0, =), thereby guaranteeing a universally measurable function in (x, s).
Finally, let #» = 2 to simplify the notation.
Since
) t-s,
f0<L!<t-s,}=1im {0<L <t-s, Tob, > s, + 1/N}
-s,
N—o0

it suffices to consider the limit of

B, X, R 1))

t t
+ L +s,

9.1
t=s
AO<L *<t-s, Tof,_, >s,+ 1/N],

where A € F(L!-). With u, = k27™(t - 52), 0<k<2™, we can write (9.1) as
2"‘

lim X EAS X, 6K, e )X, );

m—oo p_2 Yp-114p

t=s,
Avup_ySL P<upy Tob, o >+ 1/N}.
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Since ?(L'—) N{Lt = L¥} = F(L¥-) N{L! = L*}, we can choose Ak € F(L k)
in place of A in each term in the preceding, and the kth term is then
Xu
E[b(XLuk)E k[/l(xsl)/z(xsz)@(xt_ “y 1); T>t-u, +1/NJ;

u
k
<L <uk]

Ak’ up_q <

= E[Qb(x u s u

“h . “k
Lk -L ’H-‘lgk)’Ak’ upy SL <”1¢]

k

where

Z| .
g, (2) = f,R)E [/Z(st‘sl)/3(x‘-"k-1"51)’ T>t-u, —s +1/NL
. up
If y=XLuk_and v, =u, — L%, we have a.s. on Q“k’

b
0*(y, Vo Hslgk) 0%y, s, Hvkgk)

q(y, Vpr E= Uy + 1/N) qly, Spt—u,+ 1/N)
Multiplying and dividing by 4(y, Upr LUy + 1/N), we thus wish to evaluate
b
om 0 (XLt-, S Hvkgk)

lim lim 2 E :
N m k=2 fgX ,,s,t=L'~v, +1/N)
L =

Asuy_y SL'<u, Tob,>1/N].

It is easy to see that this is

b
0 (XL‘-’ LA .Hsz"sl(le‘_-sz/.’:))
E s A, O<Li<t -5,
dX , s, 1)

Ll

The last assertion then follows from Theorem 4, while an analogous argument for
D completes the proof. O

10. The strong Markov property at coterminal times. So far we have concen-
trated on a given coterminal family {L’, ¢ > 0}. If these times arise from an exact
coterminal time L as defined in §3, then all of the foregoing results carry over
easily to L. This may be shown either by proceeding directly and repeating the
proofs of Theorems 1 through 4 for L or else by extending the results from
{L',0< ¢t} to L, assuming L = lim, | L. To shorten our discussion we take

o0
the latter approach.
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Definition 10.1. If (x, s) € WQ(b) and g(x, s, =)= lim,_  q(x, s, £) >0, we
say that Q% (x, s, /) exists and define

Q%(x, s, fg,) Q%x, s, fg..)
iz, s, ) O, s, 8s) ,

Q’i(x, s, ) =

where g_(x) = P*(T = o).
If (x, s) € Wy, with d(x, s, ) >0, we say that D (x, s, f) exists and
D(x, s, /gw) D(x, s, fg..)

D (, F) )= = o
L s f d(x, s, ) Dlx, s, g)

Theorem 6. Let f € & and b € C.
(i) Almost surely on {L <t}, D, (X, t-L, ) is defined and

Elfx )| FW =D, (X, t-L, ).
(ii) Almost surely on Q N AL <t}, Q¥(X, _, 1~ L, /) is defined and
E(X X )| F(L = 02 (x, , t-L, )
Almost surely on {L <t}n ¥,
E[p(X )X )| F(L )] = h(X, DX, _, t-L, ]

Remark. If the property of nearly quasi-left continuity as given in (2.2) is
weakened to hold only on {T <T=lim T < {1, the last two results above as
well as the corresponding results in Theorems 7 and 8 will hold as stated, pro-
vided the conditions L <t and L < e are replaced by L <t A { and L <.
See the remark following the statement of Theorem 2.

Proof. The argument consists of reducing L to L' and using our earlier
results. Since L = L! on {L <}, F(L-) N{L <t} = F(L*-) Nn{L <}, and we
lec A, € F(L*-) correspond to a given A € F(L-). Then

E[B(X X ); A, Q, L <d= E[b(XLt)/(Xt)gw(Xt); A,Q]

=ElQ}(X , o=y qlx , -l <k A, Q)]

=ElQ2(x, _,t-L ) AQ,L<i. O

To carry over the other results of the earlier sections we concentrate on the
set {L <o} racher than the sets {L < t}. Define
.- U Q, n{L <4l
0 <¢ rational
It is easy to see that QN {0 <L <o, X, € E } is the subset of {0 <L <}
with the largest measure on which L is totally inaccessible relative to P.
Similarly @ =Q_N1{0<L <o, X, € E,} is the subset of {0 <L <eo,
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X, _ €E b} with the largest measure satisfying the property that for any previs-
ible stopping time S there exist [y € F(S-) such that & N {L =S}=T N
{T © 6 = }. Note that both ®_ and Q_ are in FL-).

Definition 10.2.

G’i‘) = Gp niup =} nidlx, 1, =) >0},
Gg = Gg N lug =} Nigls, 1, =) > 0},
L L

HQ = HQ N GQ.
With g (x) = PX(T = ), let K (x, /) = H,(x, [g,)/g,(x) and note that K, is a
semigroup on {gw > 0}. Finally, for x € Hé and 0 < s <o let

n(x, dy) = 7(x, s, dy)dly, s, «)/q(x, s, o)
and note 7(x, dy) is independent of s (see Lemma 8.6).

Theorem 7. (1) For each x € Gg, {Qi(x. s, +), 0 <s < oo} is an entrance
law relative to K, and, for each x € Gs, {DL(x, s, +), 0 <s <oolis also an
entrance law relative to K ¢

(2) For x € Hé. 1x, dy) is a probability measure concentrated on
(x} Uly: g ) > 0D N G and satisfies

0% (x, s, N = [z, dyby)D Gy, s, /)
/orbee.feg and s > 0.

(3) For any initial measure p, X, € GE a.s. on {L < oo}, and X, _ € HS

a.s. on Qw.

Proof. The verification of (1) is a triviality; e.g.

0%(x, s, H‘(fgoo)) 0h(x, s + 1, [g,.)

Qb(x, ) K /) =
L ° ! q(x, S, °°) q(x, S+t °°)

= Qi(x, s+t f)

By (1) of Lemma 8.6 and the fact that g (y) >0 if y € A’ and d(y, s, «) >0
for any s >0, 7(x, -) is concentrated on ({x} Uly: g_(y) >0} N Gg. By (3)
of Lemma 8.6

0*(x, s, fg,.) i(x, s, dy)b(y)D(y, s, fg.)
0b(x, 5, ) = % 5 fg)  J1lx s, dybyIDG, s, [g

qlx, s, ) q(x, s, =)
= f?'](x, dy)b(y)DL()’; S, /)’

‘and with f =h =1 we see that 7(x, ) has total mass equal to 1. It remains to
prove (3). Since L =L a.s. on {L <#l, Theorem 4 clearly implies X, € Gp
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a.s.on {L <o} and X, _ € Hy a.s. on Q. To complete the proof it suffices
to show d(XL, 7, 00)>0 (q(XL_, 7, ) > 0) for some small 7 a.s. on {L < oo}
(on Q). But by a computation similar to (8.12) we have, for each rational ¢,
d(XL, t—L, 0)>0 a.s. on {L <t} and q(XL_. t-L, «)>0 as.on QN

{L <t o

Remark. As the reader may have noticed, we have spent quite a bit of effort
working around the fact that G, and G, (and hence Gé and GE) need not be
universally measurable. This difficulty arose because we were forced to deal with
times of the form ¢t — L'. However, in a direct proof of our results for L, the
difficulty is circumvented by simply dealing with times of the form L +s. It
turns out that the sets corresponding to GS and G'E, will then be universally
measurable.

As our last result we have that the given process possesses a strong Markov
property at L in the following sense: the post L process conditioned on the
past proceeds according to the new stationary transition probabilities K, with an
initial distribution of Q; . An analogous description holds for conditioning on
F(L) and initial distributions D L+ The proof reduces to an application of Theo-
rem 5 using now familiar details.

Theorem 8. (i) Let f, € g, 1<i<nand 0<s <...<s . Then almost
surely on {L < oo}

E[ﬁ /k(x,_+sk)|?(l_):|

k=1
= [ D x5, dz))f (2K, _, (21 dzy)

oz, K l(zn_ [

n=1""s —-s_ _
(ii) If b € C, then a.s. on Q_
] FL-
E[h(XL)};Il XL, )15 )]
= [ [oblx sy dz )1z K, _g (21, dz))
. )
fn-l(zn—l)Ksn-sn_l(zn-l In

= f fq(XL_, dy)by)D, (y, s,, dzl)/l(zl)Ksz-sl(zl' dz,)

' /n- l(zrz— I)Ksn-sn_ l(zn- 1’ /2)'

Also, if we define ¥ as {0 <L <o, X, _ € Ay~ Q_, the first equality of (ii)
holds on ¥ _ provided Q’z‘(XL_, ., +) is replaced by b(XL_)D(XL__, ., )
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11. An example of nonexistence of Q(x, s, -) and D(x, s, -). Throughout
this paper we have been careful to prove the existence of the conditional distri-
butions Q and D, and the purpose of this section is to show that such care is
necessary. Specifically, we give an example of a process and a coterminal
family {L’, ¢t > 0} such that, for x =0, Q(0, s, ) and D(0, s, -) do not exist for
all s> 0.

Let Ep = [0, 1] U{2} and the process be defined as follows: the states {1}
and {2} are absorbing and starting from 0 < x <1 a particle moves to the right
with speed 1 until time § <1 - x, where § is uniformly distributed on (x, 1) when
starting at x. When S occurs the particle jumps to {1} if X(§ -) ¢
U:___I[Z‘zm, 2-2m*1) and o {2} if X(S-) € U:=o [2-2m=1 2=2m) L is easy
to check that this is a Hunt process since § is not an accessible stopping time.

Now let T be the first hit of A ={27", n > 1} and let L' be generated by T

as in Lemma 3.3. Then for s >0 if u is sufficiently small

[~}
1 if we |Y [272m, 272m),
D (0,4, s, {1} = m=1

0 otherwise,

and
2/3 if ue | [272m, 22mel),
000, u, s, {1}) = m=1
1/3 otherwise.

Hence neither D(0, s, {1}) nor Q(0, s, {1}) can exist. It is clear, of course, that

XU and XU equal zero with probability zero, so this example is consistent

with our results above.

This process is not “‘typical’’ in the sense that X , and XU are not

Lt
regular with respect to T. However, it would seem the nonexistence of D(0, s, .)
and Q(0, s, .) may be typical in the sense that starting at {0} paths visit at
arbitrarily small times states with widely differing “‘last exit distributions”’

0(x, -, -) and D(x, -, - ).
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